. Background and Research Objectives
Reliability of Monte Carlo methods ultimately rests upon the quality of "random" numbers used in a computation. These numbers are not truly random, but are generated by some deterministic mathematical process. Such random number generators (RNGs) can only produce a finite sequence of numbers before repeating themselves. with the modulus m = 264, the multiplier a E 5 (mod 8), and b odd. Such generatom axe known to have cycles of length 264. Points obtained by taking successive k-tuples of numbers axe known to lie on a lattice (strictly speaking. a grid) in k-dimensional space, with the structure of the lattice being dependent on the modulus, the multiplier, and the dimensionality, but independent of the additive constant b. Our multipliers are numbers that have continuedfraction expansions w i t h small partial quotients. Each multiplier was tested as to its lattice structure by calculating the Beyer ratio of its Minkowski-reduced basis (this ratio is the length of the longest basis vector divided by the length of the shortest one) for demension k = 2 to 20, and the "specral" criterion fork = 2 to 8 (the number-theoretical constants Yk are known only up to k = 8; dk is the maximum distance between adjacent hyperplanes of the lattice). In addition to those theoretical tests, some empirical, multidimensional tests of randomness were performed.
A set of 6139 multiplier candidates was produced by assembling small partial quotients (1,2, and 3) into fractions with denominator 264. These mktipliers were further screened by computing a Minkowski-reduced basis for each multiplier in dimensions 2 through 20. Such bases were computed both for the usual method of taking ( , rl, r 2 , . . . , r ) ) for the first point, then ( t 2 , tg, . . . , r C + 1 ), etc., for the rest of the points, as well as for the normal computational practice of Using ( r i + l~ 2k+2, ---w), etc., for the second and succeeding points. The multing lattices are different, though related. There were 39 multipliers that had Beyer ratios of less than two in all dimensions from 2 to 20, for both methods of generating points.
This set of 39 multipliers was further screened by eliminating those for which the spectral criterion s k was less than one-half for any k 5 8. There then remained the following 28 multipliexs:
need not be unique, even leaving aside such trivial differences as changes of the signs of basis vectors and the ordering of basis vectors of equal length. This has the consequence that a given LCG may have more than one Beyer ratio for a given dimension, depending on for which reduced basis it is computed. These facts are not often mentioned in the literature of the lattice structure of LCGs. We have noticed such Occurrences in generators having small moduli, i.e., for a = 45, m = 29, k = 20, and for a 4912069, m = 223, k = 33, but we found non for our multipliers, m = 264 and k < 20. The pattern of the occurrences that we have seen is such that we would not expect to see them for our parameters until k becomes much larger than the values considered here.
It has been known for some time that the Minkowski-reduced basis for a given lattice
